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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ 1 Introduction Various uncertainties in real world applications can bring difficulties in determining the crisp membership functions of type-1 fuzzy sets [25] . They involve not only vagueness (lack of sharp class boundaries), but also ambiguity (lack of information). Hence many extensions have been developed to represent these uncertainties in membership values, such as interval-valued fuzzy sets [35] , Atanassov intuitionistic fuzzy sets [1] , shadowed sets [32] and type-2 fuzzy sets [25] . These models introduce intervals, multiple parameters, and fuzzy sets to describe the uncertain membership functions of fuzzy sets. However, intervals and multiple parameters in interval-valued fuzzy sets, Atanassov intuitionistic fuzzy sets and shadowed sets do not recognise the difference between values within their intervals or shadowed zone. A type-2 fuzzy set describes its memberships using type-1 fuzzy sets, but it needs precise crisp values to describe its secondary memberships. Here, we adopt rough sets to approximate the uncertain fuzzy membership function of a fuzzy set. Rough sets provide a different model in representing ambiguity of sets, and the combination of fuzzy sets with rough sets has received intensive investigations [4, 10, [14] [15] [16] [18] [19] [20] [21] 23, 27, 28, [31] [32] [33] [34] 38, 39, 41, 50, 51] . However, most works focus on the fuzzy equivalence relations. So far as we know, there is no published work applying rough sets to approximate the membership functions of fuzzy sets. Section 2 of this paper presents a brief overview of interval-valued fuzzy sets, Atanassov intuitionitic fuzzy sets, shadowed sets, type-2 fuzzy sets, rough sets and grey sets, defining the ideas and concepts that will be required for the rest of the paper. This section introduces the ideas informally to establish the semantics and then makes more formal definitions. Establishment of the semantics allows us to see what the definitions really mean, and also to grasp the differences. Section 3 defines R-fuzzy sets and gives some examples whilst Section 4 investigates the relationships between R-fuzzy sets and other fuzzy sets. Finally, Section 5 discusses the results.
Motivation
We use the voting model to generate membership functions across a set of populations. By performing various operations on this set of votes we obtain different fuzzy representations. At this point we are using just one criterion.
• The mean, mode or median of those membership functions give various ways of obtaining a conventional fuzzy set.
• The lower and upper bounds of the membership functions give interval valued fuzzy sets.
• If the question "what values would you not permit as a member" is also asked and used to derive a non-membership function we obtain Atanassov Intuitionistic Fuzzy Sets if we use the mean, mode or median; and by taking the interval given by the lower and upper bound of the voting sets we obtain Interval Valued Atanassov Intuitionistic Fuzzy Sets.
• The distribution of membership functions may be used to derive a fuzzy set to give type-2 fuzzy sets.
• Taking the higher values of membership functions as 1 and lower values as 0, and leaving anything in between as [0,1], we get shadowed sets.
• By taking those membership function values shared by all the voters as the lower approximation, and those values voted by at least one voter as the upper approximation, we get R-Fuzzy sets; the topic of this paper.
If we generate membership functions over a set of criteria we obtain L-fuzzy sets. The usual operations of conjunction and disjunction, along with others, may be the derived from the basic single criteria operations. So a conventional L-fuzzy set would have a vector of real numbers as its membership function.
This membership function would be a precise vector with the representational accuracy available. Similarly, an interval valued L-fuzzy set would have a vector of intervals. It is important for the following that we understand that the vector has a fixed number of components in its representation of any given set. The accuracy of this vector in representing any criterion is governed by the accuracy of the representation used to measure the individual criteria.
By the nature of fuzziness, it is not always possible for people to give an accurate value for the membership value. However, it is feasible to give a set of permitted values in most cases. For example, if the membership of specific person in the set "tall" is to be evaluated , 30-40 voters may be in favour of {0.5,0.6,0.7} and some other voters may take {0.6, 0.7, 0.8} as their choice of the values. Here, every voter is in favour of 0.6 and 0.7. Then we can represent the membership value of this person to be "tall" as ({0.6, 0.7}, {0.5, 0.6, 0.7, 0.8}). Different from type-2, we do not need a precise secondary membership here, so there is no need to go for type-3 which is needed to resolve the remaining imprecision of type-2. Compared with interval-valued fuzzy sets, we are not saying that 0.65 has to be a valid or candidate membership value unless we assume continuity. Hence we have a different form of information to interval-valued fuzzy sets. In this example we see that the inner approximation and the outer approximation may be represented as intervals. We may obtain a rough set membership function as ({0.5, 0.8}, {0.5, 0.6, 0.7, 0.8}) where the lower approximation is disjoint and the central values would definitely not be considered as candidates for the lower approximation.
Basic Definitions
We first need to more formally define some relevant concepts in order to place the work into context and also to provide the necessary material to build the later work on.
Definition 1 (Fuzzy sets [52] ) Let U denote a universe of discourse. Then a fuzzy set A in U is defined as a set of ordered pairs
The membership function value [22] can be any real number between 0 and 1 which implies the vagueness caused by lack of sharp class boundaries. However, it is not always possible to give a crisp value for the membership. For instance, if the information about some membership values is not complete, a crisp value will be impossible to determine. Under such situations, the membership representation in definition 1 has to be modified to consider the secondary uncertainty involved. There have been several extensions of fuzzy sets to accommodate the uncertainties in fuzzy membership values. If the uncertain membership values of a fuzzy set could be represented as intervals between 0 and 1, then we get the so called interval-valued fuzzy sets.
Definition 2 (Interval-valued fuzzy set [35] ) Let D[0, 1] be the set of all closed subintervals of the interval [0,1]. U is the universe of discourse, x is an element and x ∈ X. An interval-valued fuzzy set in U is given by set A
The membership of an individual element is thus characterised as an interval instead of a single value in fuzzy sets. Interval-valued fuzzy sets provide a simple and efficient representation of the uncertain membership values of a fuzzy set [8] . Similar to interval-valued fuzzy sets, Atanassov intuitionistic fuzzy sets [1] provide another model for representing uncertainties in membership values of a fuzzy set.
Definition 3 (Atanassov intuitionistic fuzzy sets [1] ) An Atanassov intuitionistic fuzzy set A in U is given by
For each x, the numbers µ A (x) and ν A (x) are the degree of membership and degree of non-membership of x in A respectively. An Atanassov intuitionistic fuzzy set becomes a fuzzy set when ν A (x) = 1 − µ A (x). It can also be converted to an equivalent interval-valued fuzzy set.
However, there are some semantic differences [7] between these two models.
If the membership function of a fuzzy set involves uncertainties, it is reasonable to represent the membership function using a fuzzy set. We have a special fuzzy set whose membership function is described by fuzzy sets as well. Such a fuzzy set is called type-2 fuzzy set [25] . It is a general extension to fuzzy sets, and interval-valued fuzzy sets can be considered as a special case of type-2 fuzzy sets [8] .
Definition 4 (type-2 fuzzy sets [25] ) A type-2 fuzzy set A, is characterized by a type-2 membership function µ A (x, u), where x ∈ U and u ∈ J x ⊆ [0, 1], J x is a finite discretised set which limits the values of u ⊆ [0, 1], i.e.,
where denotes union over all admissible x and u. For discrete universes of discourse is replaced by .
Rough sets take a different route from fuzzy sets in representing uncertainties.
It represents an uncertain set by means of approximations in information
systems. An information system is described by a pair (U, A), where U is a non-empty, finite set of objects called the universe and A is a non-empty, finite set of attributes. Every attribute a ∈ A of an object has a value. An attribute's value must be a member of the set V a which is called the value set of attribute a (a : U → V a ).
Definition 5 (Approximation [30] ) Λ = (U, A) is a given information system, X ⊆ U is a set. For a given set B ⊆ A, the set X is approximated with The B-lower approximation contains objects that are known to be members of X. The objects in the set of the B-upper approximation are possible members of X. In this paper, we adopt the set-oriented interpretation of rough sets [19, 26, 29, 47, 50] and define a rough set as a pair of definable sets [19] . Given two subsets A, A ∈ Def (apr) with A ⊆ A, the pair (A, A) is called a rough set.
Here, A is the lower approximation of X = (A, A), and A is the upper approximation of X. The boundary region could be derived as A − A. If A = A, then (A, A) is a definable set. For an element x ∈ U, we have:
has unknown relation with (A, A)
It should be noted that different views exist for rough sets interpretation, so do their properties. A comprehensive review was given by Yao in [50] . Here, we adopt the Iwinsky type set-oriented rough sets [19] , although there are other similar definitions of set-oriented rough sets, such as the P-rough sets defined by Pawlak [29, 50] and the disjoint pair [26] .
Rough sets and fuzzy sets are two different theories capturing two distinct aspects of imperfection in knowledge: indiscernibility and vagueness [14] . However, as a concept induced from fuzzy sets, shadowed sets [32] have a close relationship with rough sets as well. Considering a fuzzy set A ∈ U, we elevate those membership values that are high enough to 1 and reduce those substantially low membership values to 0, and represent those values in between as [0, 1], then we have transformed the fuzzy set to a shadowed set [32] . As a different model for uncertainty representation, grey systems [9] provide another route to uncertainty modelling. In grey systems, the information is classified into three categories: white with completely certain information, grey with insufficient information, and black with totally unknown information. A grey number is a number with clear upper and lower boundaries but which has an unknown position within the boundaries [24] . Combining fuzzy sets and grey systems, we proposed grey sets as a general model for uncertainty representation [46, 48, 49] .
Definition 7 (Grey sets [49] ) For a set A ⊆ U, if the characteristic function value of x with respect to A can be expressed with a continuous grey num-
Here, D[0, 1] ± refers to the set of all grey numbers within the interval [0,1]. A grey number is different from an interval or a set in that it is a single number represented by an interval or a set [42] . Some recent research has linked grey sets with rough sets and proposed grey rough sets [40] for interval data. Although grey sets provide an alternative model for uncertainty representation, they have a close relationship with fuzzy sets [46, 48, 49] and can be considered as an extension of fuzzy sets.
The dilemma of excessive precision in describing imprecise phenomena [32] has been resolved to some extent by interval-valued fuzzy sets, Atanassov intuitionistic fuzzy sets, shadowed sets, grey sets and type-2 fuzzy sets, but sets. However, the secondary membership function of a type-2 fuzzy set is still described using crisp values, so we go back to the same dilemma. This dilemma exists even if we go to type-n fuzzy sets. However, as we regress downwards in our pursuit of precision we do get closer to an agreed model but at the expense of very heavy computation and complexity of representation. To solve this dilemma, it is necessary to describe the fuzzy membership function of a fuzzy set using a different model than fuzzy sets.
Fuzzy sets and rough sets are two different models of uncertainty representation [14] . Fuzzy sets focus on the ill-definition of the boundary of a concept by means of set characteristic functions. Rough sets highlight the indiscernibility between objects through equivalence relations. There have been many studies in the combination of these two models, such as fuzzy rough sets [14, 23, 27, 51] .
However, fuzzy rough sets adopt fuzzy sets to describe rough sets, and their representation is based on two fuzzy sets. A similar situation is true with rough fuzzy sets [51] as well. Most existing combination models define their sets by two fuzzy sets in the end. Here, we combine these two models in a different way, we describe the membership function of a fuzzy set using rough sets.
R-fuzzy sets
In general, a rough set is defined in a finite universe. It is necessary to discretise a continuous interval in [0,1] into a discrete set. For a discrete set of values in [0,1], we define a granule to measure its discretisation.
Definition 9 Let A = {a 1 , a 2 , . . . , a n } and B = {b 1 , b 2 , . . . , b k } be two subsets of ordered values, where a 1 ≤ a 2 ≤ . . . ≤ a n and b A R-fuzzy set A, is characterized by a rough set as its membership function
A can also be expressed as
where denotes union over all admissible x.
Similar to type-2 fuzzy sets and interval-valued fuzzy sets, a R-fuzzy set describes its membership using a set itself. Membership of R-fuzzy sets is a set of values satisfying its membership description. Therefore, the membership values of a R-fuzzy set usually contains more than one value although a single valued set is possible.
For each x i ∈ U, there is an associated membership description d( 
The lower and upper approximations of the rough set M (x i ) for the member-
Then the rough set approximating the uncertain membership d(x i ) for x i is constructed as Table 1 . Here, VN, BN, AC and NN refer to very noisy (VN), a bit noisy (BN), acceptable (AC) and not noisy (NN). To construct a fuzzy set, we use noise level to establish its membership function. We apply the following simple linear function:
Here, l i refers to the noise level of f i , l max and l min represent the maximum and minimum value of l i . Therefore, we get the precise fuzzy membership values for the 10 flights: if we know a flight f 11 whose noise is acceptable, how to describe it using fuzzy memberships? The traditional fuzzy sets will simply assign a precise membership value to it, such as 0.57 by P 1 . However, Table 1 We know that f 11 is an "acceptable" flight, hence d(f 11 ) ="acceptable" and its membership has to satisfy this description. Here, the evaluation criteria is decided by each person, C = {p 1 , p 2 , p 3 , p 4 , p 5 , p 6 }. Each value v ∈ J x is evaluated by p j ∈ C to determine if it fits with d(f 11 ) for f 11 
For each p i ∈ C, there is a corresponding row in Table 1 . For those columns with a matching description with d(f 11 )="AC", its corresponding flights will give the membership values according to their noise levels. Then we can construct a subset of values M p j (f 11 ) ⊆ J x according to Table 1 . Then the rough set approximating the uncertain membership d(f 11 ) is constructed as Obviously, this result suggests that 0.57 is not appropriate to describe "Acceptable", however, the data in Table 1 shows that every one agrees on the validity of 0.57 as a description for "Acceptable". Another possible solution here is to apply interval-valued fuzzy sets. Considering the lower and upper bounds of the membership values for "Acceptable" in Table 1 is not enough to setup a reliable membership distribution, and furthermore, the computational complexity is much higher than other models. Shadowed sets would consider "Acceptable" as unknown, so it cannot help this situation.
Obviously, R-fuzzy sets provide a unique tool here. This kind of information may be important for airports and the residences in their vicinity. A model ignoring the diversity of perceptions may give false noise exposure annoyance than it is in the real world [17] . As aforementioned, a model using type-2 fuzzy sets here loses information on the applicability of flights associated with 0.57, and a model with interval-valued fuzzy sets does not differentiate the applicability between 0.57 and 0.14. In real world airport operations, a target of 0.57 is much more applicable than 0.36 or 0.14. A rep-resentation using R-fuzzy sets is especially beneficial when different airports are involved. The aircraft noise perceptions could be significantly different between two airports even if their geographical locations are not far away from each other, and a representation using R-fuzzy sets could naturally reveal the difference. Obviously, this application could be extended into other areas such as communications between different communities with different geographical locations or subjects.
A R-fuzzy set describes its membership function with a rough set. The involvement of rough approximations in membership functions provides the capability for R-fuzzy sets to represent some situations, which are difficult to model by other fuzzy sets. Other techniques have been used to model aircraft noise as it is highly relevant to modern society and especially to those living and working near airports [43] [44] [45] .
Example U = {x 1 , x 2 , . . . , x n } is a set of voters for party A and party B. The political preference of voters can be represented as a set: {support A, close to A, slightly bias to A than B, no preference, slightly bias to B than A, close to B, support B}. We can convert this preference set into a set of values J x = {1, 0.84, 0.67, 0.5, 0.34, 0.17, 0}
If we know the exact preference of each voter, then we can represent their preference using a fuzzy set
Sometimes, we may not know the exact preference for some voters. For example, we know that x 2 has a preference to a party although they are not a supporter of any party. Under this situation, x 2 may prefer A or B but we have no certain information on this, but we do know that they are neither a supporter of a party nor a voter without preference. Considering the existing fuzzy set models, such as type-1 fuzzy sets, type-2 fuzzy sets, interval-valued fuzzy sets, Atanassov intuitionistic fuzzy sets and shadowed sets, none of these could represent this situation. However, the proposed R-fuzzy sets can easily represent it:
For the aforementioned x 2 ∈ U, the uncertain membership description d(x 2 ) ="x 2 prefers one party but does not support any party". Considering two possible preferences: a for party A and b for party B, we have two elements in the Definition 11 A and B are two R-fuzzy sets of a universe U, ∀x ∈ U
Here, ¬A is the complement set of A in U, ⊥A has no unknown membership values, ⊘A represents a set satisfying three-valued logic [6] , ∞A is a set with continuous membership representation and ∠A has one single known membership value and each unknown membership value is known to be greater than the known value. With these operation definitions, we can consider the relationship between R-fuzzy sets and other fuzzy sets.
R-fuzzy sets are different from ordinary fuzzy sets in that their membership values are expressed with a set rather than a value. Because of this set representation, its operation has to consider the involvement of the set as well. If c 1 and c 2 are two criteria, or information sources, then ordinary fuzzy sets can be rep- Proof If A satisfies both ∠A and ∞A, we have |M A (x)| = 1 and ∆ Jx → 0.
and we have
The non-membership of set A could be derived from its membership:
The approximations of membership and non-membership overlap in their boundary area. If the lower approximations of membership and non-membership are fixed, then their upper approximations are fixed as well. Hence, we can represent the same set with the low approximations of membership and nonmembership.
Obviously, A is an Atanassov intuitionistic fuzzy set.
If A is an Atanassov intuitionistic fuzzy set, we can replace its single non- Interval-valued fuzzy sets [35, 36] and Atanassov intuitionistic fuzzy sets [1] [2] [3] have been proven to be mathematically equivalent [5, [11] [12] [13] 37 ]. However, they emerged from different grounds and thus they have associated different semantics [7] . Theorem 2 and 3 show their different interpretations in R-fuzzy sets. Interval-valued fuzzy sets can be considered as a special case of type-2 fuzzy sets where the secondary grades are all equal to 1 [8, 25] . It proves that all elements in the interval belong to the lower approximation of membership in R-fuzzy sets. For Atanassov intuitionistic fuzzy sets, its known membership is a single value, and the interval between the membership and possibility derived from the non-membership is considered as hesitation or uncertainty of the membership. Therefore, the interval represents the upper approximation in R-fuzzy sets, and the lower approximation of an Atanassov intuitionistic fuzzy set is represented as a set with a single element in R-fuzzy sets. When the lower approximation is empty, we get a grey set [46, 48, 49] . Shadowed sets can be proved to be a special case of R-fuzzy sets as well.
Theorem 5 A R-fuzzy set A is a shadowed set iff A satisfies both ⊘A and
∞A.
Proof If A satisfies ⊘A, we have It should be noted that we use (∅, [0, 1]) rather than ([0, 1], [0, 1]) to represent unknown values. There is a difference between the two representations.
([0, 1], [0, 1]) can be interpreted as we know for sure that each value in [0,1] satisfies some description for the membership. It does not give the accurate meaning of the shadowed zone defined by Witold Pedrycz in [32] . With (∅, [0, 1]), it is clear that we know nothing about the value but its domain.
Interval-valued fuzzy sets could be considered as a special case of type-2 fuzzy sets, so theorem 3 gives some indication of the relationship between R-fuzzy sets and type-2 fuzzy sets under special situations. In fact, R-fuzzy sets and type-2 fuzzy sets are two different extensions to fuzzy sets, and they can not simply replace each other.
Conclusions
The fuzzy membership function of a fuzzy set has great significance in defining a fuzzy set. It is not possible to give a precise membership value sometimes.
The uncertainties in fuzzy membership values have brought in various extensions of fuzzy sets, such as interval-valued fuzzy sets, Atanassov intuitionistic fuzzy sets, shadowed sets, type-2 fuzzy sets etc. Here, we defined R-fuzzy sets as a new extension of fuzzy sets, and derived its relationships with other fuzzy sets. Our results prove that R-fuzzy sets provide new facility in representing some situations which are difficult to describe in other models. The proposed R-fuzzy sets provide a new semantic context for the difference be-tween interval-valued fuzzy sets and Atanassov intuitionistic fuzzy sets also.
Although they are mathematically equivalent in operation, R-fuzzy sets give a different perspective.
